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Abstract 

We describe monotone maps between subsequences of the Farey sequences. 


1. Introduction 


Let V(n) be an rt-dimensional linear space, and A its proper m-dimensional subspace. We 
associate with the integers n and m the increasing sequence of irreducible fractions 


I 


n),rnj := ^ 


dim(BnA) 


dim B 


gcd(dim(BnA),dim B) 


gcd(dim(BnA),dim B) 

B subspace of V(n), dirnB > 0) ; (1) 


in other words, 


J r (B(n),m) := (| G T n : m + k — n < h < m) , (2) 

where T n denotes the Farey sequence of order n. See e.g. [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 15, 16,17] 
on the Farey sequences. In particular, 


J r (B(2m),m) := G m '■ k — m < h < m) . 


( 3 ) 


Equivalent descriptions of Farey subsequence (2) can be given via the cardinalities of subsets 
of an n-set, or via the ranks of elements of the Boolean lattice B(n) of rank n, see [12, 13]. 


Sequence (2) can be regarded as the intersection 


of the Farey subsequence 

K : = (| e Tn : h<m) 


( 4 ) 

( 5 ) 


introduced in [1], and of the Farey subsequence 


: = (I € T n : m+k - n < h) ; 


( 6 ) 
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it follows from definitions (5) and (6) that 


JTuG? = F n . 


( 7 ) 


Recall that the maps 
J r (M(n),n — m), such that 


T — \ T T m _i. Q r 

J n 7 J m J n. 7 n 


G rn T' n 

n. 7 ** n. 


and .F(B(n),m) 


i—^ 


k—h 

k 


!->• 


-ir 
- o 1. 


( 8 ) 


where [£] is a vector presentation of |, are all order-reversing and bijective. 

In analogy to sequences (5) and (6), we define similar subsequences of the se¬ 
quence J-(M(n), rnj as follows: given an integer £, 1 < £ <m, 


: = (£ e _F(B(n),ro) : h < t) ; 


( 9 ) 


given an integer £, m < £ < n — 1, 


G(M(n),m) e : = G J r (B(?r),m) : £ + k — n < ti) ; (10) 

thus, J r (B(n),m)" i = C/(B (n),m)'" — *7"*^B(??.), uij . It is easy to see, as noted in Section 2, 

that the sequences J r (B(n), m) f and G( B(n),m) are both sequences of the form J r (B(-), •) 
for any allowed £’s; moreover, if A is an integer such that 1 < X < n — m, then 

j(B(n),m) £ n e(B(n),m)"' A = j(B(f + A),f) . (11) 

In Section 3, we describe monotone maps between (sub)sequences of the Farey sequences of 
orders 2 s m, 2 s+1 m and 2 s+2 m. In Section 4, these observations are reformulated for the Farey 
sequences of arbitrary orders. Supplementary information is collected in Appendix 5. 


2. The Farey Subsequences J r (B(n),m Y and G (B(n), m) 1 

It is easily verified that the subsequences J r (B(?r),m) £ and f/(B(n),m) £ of the se¬ 
quence J r (B(n),m), defined by Eqs. (9) and (10) respectively, are also sequences of the 
form (2); indeed, they can be redefined as follows: 

RB : = F‘ n _ m+C n e ‘ n _ m+l , e( B(n), m)‘ : = n 6,T +ra _ t ; (12) 

in particular, 

: = T ‘ m+ ,n S‘ m+l , 5(B(2m),m)' : = 7Z n GZ-t ■ 


(13) 
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Remark 1. (i) If £ e P, 1 < i < m, then 

J-(B(n),m) £ = F(M(n^m + £),£) , J^(B(2m), m) e = .F(B(m + £),£) . (14) 

(ii) //f eP, m<Kn-l, t/ien 

t/(B(n),m)^ = J r (B(n + m — f),m) , C/(B(2m),m) { = J r (B(3?n — £),rnj . (15) 

Proposition 2. The maps 

J r (B(n), m)^ ->■ J - (B(n),n - £) n_m , (16) 

J^(B(2m),m) £ ->■ J r (B(2m), 2m - £) m , (17) 

Q(M(n),mY —> Q(M(n),n — fi) n m , (18) 

0(B(2m),m)* 0(B(2m), 2m - l) m , (19) 

defined by Eq. (8), are order-reversing and bijective. 


Proof. Note that T (B(n), n—£) n = T (B(n— m+£), n— m), by Remark 1 (i), and apply the 
order-reversing bijection from Eq. (8) to the sequences J r (B(n — m+ £),£) = J r (B(n), m)^ 
and 7 r (B(n — m + £),n — m). 

We have C/(B(n),n— tj n = 7 r (B(?i+m—£), n —£), by Remark 1 (ii), and Eq. (8) provides 
the order-reversing bijection between the sequences J r (B(n + m — £), m) = C/(B(n),m)^ 
and J r (B(n + m — £),n — £). □ 

Example 3. Suppose n := 6, m := 4, i' := 3 and l" := 5. 
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= (? 

< 


< 

1 

5 

< 

1 

4 

< 

1 

3 

< 


< 

1 

2 

< 


< 


< 


< 


< 


< 

i)- 


4 


3. The Farey (Sub)sequences J r (B(2 s+1 m), 2 s m), J 7 (®(2 s+2, m), 2 s+1 m), and Mo¬ 
notone Maps 

In this section, we consider monotone maps between (sub)sequences of the sequences s m, 
J r (®(2 s+1 m), 2 s m) and J 7 (B(2 s+2 m), 2 s+1 m), where m G IP, s G N. The observations made 
for these maps can be used as an instructive induction step in an analysis of composite maps 
between Farey (sub)sequences that are described in Section 4. 

Recall that for the sequences T (B(n), m) and, in particular, for the sequences T (B(2m), m), 
it is convenient to treat the subsequences 


J 7 -* (B(n), m) : 

= (L4»(”H |<I) 

(20) 

J r -2(B(n),m) : 

= (|e^(B(„),m): f>i) 

(21) 


separately [12, Thm. 5, Lem. 3, Cor. 4]: 
• The maps 


T m —t J 7 - 5 (B(2m), m) , 

[£] 


[I?]' 

ta > 


(22) 

T m —> J --2 (B(2 m),m) , 

[J] 

i —y 

[Si]- 

[-o 1 !! 

•[0 = [-°.*Ha, 

(23) 

J 7 - 2 (B(2m), m) —> T m , 

[0 

HG 

[ —i i ] 

■ta i 


(24) 

and 







J --a (B(2m), m) —» Jim , 



[f-o 1 ] 

■ia> 


(25) 

are order-preserving and bijective. The maps 






T m —» J r -2 (B(2m), m) , 

[J] 

i —y 

[12] - 

[-0 1 }] 

•[0=[:ii]-[0 • 

(26) 

T m —» J 7 - 5 (B(2m), m) , 

[£] 


[21] - 

ta i 


(27) 

J 7 - 5 (B(2m), m) —> T m , 

[a 

HG 

[=21] 

■ia 

5 

(28) 

and 







J 7 -* (B(2 m),m) —» , 

[a 

!->• 

[l 1 *] 

■ta i 


(29) 

are order-reversing and bijective. 







• The maps 







.F -2 (B(2m), m) —» (B(2m) 

,m) 

) 


ta 

14 [-3 2 ] ' [fc] i 

(30) 

J 7 - 5 (B(2m), m) —> J 7 -* (B(2m) 

,m) 

J 


ia 

^ [S-?i]-ta, 

(31) 


are order-reversing and bijective. 
• The maps 
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J 7 - 2 (B(2m), mj —> J-- 2 (M(2m), m) , 
J 7 - 2 (B(2m), m) —» J 7 - 2 (B(2m), m) , 

are order-preserving and bijective. 


. (32) 

[!:i]-[a. (33) 


Remark 4. Let m € P, s G N. (i) Egs. 
order-preserving and injective: 

T Vm -)• J 7 -^ (B(2 s+2 m), 2 s+1 m) , 

[?] ^ [?] , 

-> (B(2 s+2 m), 2 s+1 m) , 

[?] -► g] , 

L~2 s m -)• (B(2 s+2 m),2 s+1 m) , 

[?] -»> g] , 

-> (B(2 s+2 m), 2 s+1 m) , 

[?] ^ [I] , 


(22) and (23) imply that the following 


[a 

i y 

[{? 

] 2 

■[a 

= 

[&?] 

■[a 



[{] 

i y 

g] ; 








[a 

i ^ 

[{? 

]■ 

[ — i 

l] 

•ta 

= [- 

Vs] 

■[a 

g] 

!->• 

g] ; 








[a 

!->• 

[-°i 

h\ 

Hi 

?] 

■[a 

= n 

*]■ 

r/ii 

L/cJ ’ 

in 

i y 

[I] ; 








[a 


[-°i 

h\ 

l 2 -[ 

a = 

= [ = 

Vs] 

■ta 
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maps are 


(34) 
, (35) 

(36) 

(37) 


(ii) As a consequence, the following maps are order-reversing and injective: 


d~2 a m 

-> F-^{B>(2 s+2 m),2 s+1 m) , 

r/ii 

LfcJ 

Id 

[{? 

] 2 

•[-oM]- 

ta = 

i-ii] 

■ [a > 

[?] 

->g] . 

g] 

Id- 

[?] ; 






J~2 s m 

-> J 7 -^ (B(2 s+2 m), 2 s+1 m) , 

r/ii 

L/cJ 

Id 

[IS 

]• 

[V]-\ 

\~Vi] 

■[a = 

roii. r/ii 

L l 2 J LfcJ ’ 

[?] 

->g] , 

g] 

Id 

g] ; 






d~2 a m 

-» J 7 -5(B(2 s+2 m),2 s+1 m) , 

[a 

Id 

[-°i 

I - 

Mi?]-! 

:-oM] 

■[a = 

[=ii]-[a 

[?] 

->[§] . 

in 

Id 

g] ; 






T~2 a m 

-> J 7 -3(B(2 s+2 m),2 s+1 m) , 

r/ii 

L/cJ 

Id 

[-°i 


i 2 -[- 0 m: 

i-[a 

= [h\] 

■ [a - 

[?] 

->g] > 

g] 

Id 

[§] • 







(38) 

(39) 

(40) 

(41) 


Lemma 5. Let m e IP, s e N. (i) The following maps are order-preserving and injective: 
JT<l(B(2 s+1 m),2 s m) -> J 7 ^ (B(2 s+2 m), 2 s+1 m) , [£] ^ [j?] ■ [£] , (42) 




(B(2 s+1 m), 2 s m) 


1J i 

7-<i 




.31 > 


i ^ 


lJ > 


5 (B(2 s+2 m), 2 s+1 m) , [*] ^ [} ?] ■ [1 =1] ■ [£] = [ 

g] -► g] ; 


2 - 1 ] . \h] 

5 -2J LfcJ > 

(43) 
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J 7 -^ (B(2 s+ 1 m) 

, 2 s m) 

-»• J 7 -^(B(2 s+ 2 m) 

, 2 s+ 1 m) , 

r h] 
lk\ 


El? 

M=M- 

ta = t: 

1 x i • 
4 3 j 

ta > 

(44) 


[?] 

-Ml] , 


El: 

]-► 

Ell ; 





J 7 -3(B(2 s+ 1 m) 

, 2 s m) 

->• J 7 -3(B(2 s+ 2 m) 

, 2 3+1 m) , 

r h~\ 
lk\ 

i-r> 

El? 

]•[£]. 



(45) 


Ell 

-MU , 


ei: 

]-► 

Ell ; 





7-<i(B(2 s+ 1 m) 

, 2 s m) 

->•^3(1(2 s+2 m) 

,2 s+1 m) , 

rhi 

lk\ 

!->• 

[-°i 

i] • ta. 



(46) 


[?] 

-Ml] , 


£ 

]-»• 

[§] ; 





J 7 -^ (B(2 s+ 1 m) 

, 2 s m) 

->• J 7 -3(B(2 s+ 2 m) 

, 2 3+1 m) , 

r h~\ 
L/cJ 

!->• 

[-°i 

- [§=i: 

i ■ [a = 

r 3 -i' 
L 4 — 1 . 

i • ta, 

(47) 


El] 

-Ml] , 


ei: 

]-> 

[§] ; 





J 7 -^ (B(2 s+1 m) 

, 2 s m) 

-> J 7 ^ (B(2 s+2 m) 

,2 s+1 m) , 

r h~\ 
L/cJ 

!->• 

[ — 1 

ih=ii: 

1 ■ ia = 

r-3 2- 
L —5 3 . 

i ■ ta, 

(48) 


[?] 

^ [ 3 ] , 


ei: 

]H> 

Ell ; 





J 7 -^ (B(2 s+1 m) 

,2 s m) 

->• T^(B(2 s+2 m) 

,2 s+1 m) , 

\h] 

Iki 

i-r> 

[-°i 

a • [a. 



(49) 


El] 

-»• [ 3 ] , 


ei: 

]-> 

[1] • 






(ii) The following maps are order-reversing and injective: 
(M(2 s+1 m),2 s m) -> (B(2 s+2 m), 2 s+1 m) , [£] ^ [}?]• [l 


rn ^ roi 


!->• 


u > 


?] -> ® ; 


J 7 -^ (B(2 s+1 m), 2 s m) -> (B(2 s+2 m), 2 s+1 m) , [£]•->• [1 ?] ‘ [I =1] ‘ [s-1] ‘ [* 


[}] -► [?] , 


rn ^ rn 


i ^ 


.3J ) 


rn ^ rn 


!->• 


■3J > 


[?] g] ; 


J 7 -^ (B(2 s+1 m), 2 s m) -> (B(2 s+2 m), 2 s+1 m) , [fc] ^ [ i i ] ‘ [ 3 - 1 ] * [fc] = [ 4-1 


:}] ^ a, 


!1] -► S ; 


JT<3(B(2 s+1 m),2 s m) -> J 7 ^ (B(2 s+2 m), 2 s+1 m) , [g] ^ [- 12 ] ' [ -I 2 ] * [k] = - 


rn ^ rn 


1 ^ 


.21 > 


1 ^ 


II] ; 


J 7 -^ (B(2 s+ 1 m), 2 s m) -> J 7 ^ (B(2 s+ 2 m), 2 s+ 1 m) , [g] ^ [- 12 ] ' [ 3 - 1 ] * [ 3-1 


[-32] • 

ta = [=?i] • 

[£] , 

(50) 

till]- 

ri 0 1 r/n _ 
L 3 —1J LfcJ- 

[=11] 

■ta 

(51) 

t-32] ' 

r-2 ii . ™ _ 
L —3 2 J L kl ~ 

[=11] 

• [a 

(52) 

[l-°i]' 

II 

ta> 

(53) 

] •[=!!] 

-ta = [=2i: 

i-[a 

’(54) 

MI= 1 ] 

ri 0 1 r h~\ 

L 3 —1 J L kl 

= [?{: 

H& 


(55) 
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(B(2 S+1 


(B(2 S+1 


m),2 s m ) —» F -2 (B(2 s+2 m), 2 s+1 m) , 

ta 

i ^ 


[=1H[=11] 

■K] = 

[SI] 

Ha 

(56) 

B1 ^ III , 

[?] 

i y 

[}] ; 





m),2 s m ) —» F-z (B(2 s+2 m), 2 s+1 m) , 

ta 

H4 


■U-°i]*[a = 

[i=H 

ta 

’(57) 


Proof, (i): (42) 4= (22); (43) 4= (33) & (22); (44) 4= (32) & (22); (45) 4= (22); (46) 4= (23); 
(47) 4= (33) & (23); (48) 4= (32) & (23); (49) 4= (23). 

(ii): (50) 4= (30) & (42); (51) 4= (31) & (51); (52) 4= (30) & (44); (53) 4= (31) & (45); 
(54) 4= (30) & (46); (55) 4= (31) & (47); (56) 4= (30) & (48); (57) 4= (31) & (49). □ 

Let C be an increasing sequence of irreducible fractions = written in vector form [£]. 
If S G SL(2, Z), then we denote by S ■ C the sequence of vectors S ■ [£]: 

S-C:=(S-[8: (J]eC) . (58) 

Proposition 6. Let m G P, s e N. (i) The following maps between subsequences of the 
sequence J r (M(2 s+2 m), 2 s+1 m) are order-preserving and bijective: 


H] 

• J~2 s m 


0 1 
-1 3 

' J~2 s m , 

[a 

1-4 

[=11] 

■ta - 

[?] 

H4 

[1] , 

[1] 

H4 

B] ; 

(59) 


■ T~2 s m 


111. 
1 2 J 

s m ? 

[a 

1 ^ 

[=^] 

■[a - 

[?] 

i-4 

B] , 

[1] 

i-4 

[I] ; 

(60) 

[l°l] 

d~2 s m 

-[ 

-1 2 
-2 3 

' J~2 s m , 

[a 

1 ^ 

[=11] 

■ta> 

[?] 

H4 

[§] , 

[1] 

H4 

[}] ; 

(61) 

[-H] 

T~2 s m 


1 °1 • 
2 1J 

J~2 s m ? 

[a 

1-4 

[ 7 —2 ] 

■[a> 

in 

H4 

[?] , 

B] 

i-4 

[1] ; 

(62) 

[-°H] 

■ J~2 s m 


111. 
1 2 J 

s m j 

[a 

1 ^ 

[i-\] 

■ta > 

[ii 

i-4 

B] > 


i-4 

a; 

(63) 

[-H] 

■ Fvrn 

H 

-1 2 
—2 3 

' 3~2 s m ’t 

[a 

1-4 

KS] 

■[a> 

in 

H4 

[§] > 

B] 

H4 

[}] ; 

(64) 

[U] 

■ Tvm, 


1 °1 • 
2 1J 

J~2 s m j 

[a 

1 ^ 

[1=1] 

■ta > 

Bl 

i -4 

[?], 

a 

i -4 

[1] ; 

(65) 


■ d~2 s m, 

-[ 

0 1 
-1 3 

• J~2 s m 5 

[a 

1-4 

[=11] 

■ta> 

B] 

i -4 

[1], 

[1] 

i -4 

B] ; 

(66) 

[U] 

■ T~2 a m 


-1 2 
—2 3 

' J~2 s m , 

[a 

i — y 

[=11] 

■ta > 

a 

H 4 

[§] , 

a 

H 4 

[}] ; 

(67) 

[Hi] 

■ d~2 s m 


1 °1 • 
2 lJ 

J~2 s m 5 

[a 

t -4 

[1=1] 

■[a . 

[|] 

i -4 

[?] , 

in 

i -4 

[1] ; 

(68) 

[-hi] 

T~2 s m 


0 1 
-1 3 

' J~2 s m , 

[a 

i — y 

[1=1] 

■ta - 

[§] 

i -4 

[1] , 

in 

H 4 

B] ; 

(69) 

[Hi] 

■ T~ 2 s m 


111. 
1 2 J 

J~ 2 s m ? 

[a 

1-4 

[1=1] 

■ta > 

[1] 

i-4 

B1 > 

in 

i-4 

[I] • 

(70) 


(ii) (a) The following maps between subsequences of the sequence J zr (B(2 s+2 m), 2 s+1 m) are 




order-reversing and bijective: 


\ 1 0 
[2 1 

] ' J~2 s m > [-13] ' Pi s m 


ta — [=§ 5 ; 

•ia 

[?] 

-►B] , 


B] -»> B] ; 


(71) 

M 0 
12 1 

} ' d~2 s m ->• [ 1 2 ] ‘ J~2 s m , 


[jw[4§: 

■[a 

[?] 

^[§], 


B] ^ B 1 ; 


(72) 

[l°l 

] ' T~2 s m ~> [-II] ' ^2 s m 


[fc] ^ [-Q 1 1 ] 

•ia> 

[?] 

^[i] , 


B] -»> [§] ; 


(73) 

[- 0 li 

' J~2 s m ->• [ 2 1 ] ‘ J~2 s m , 


[£]->[=!*: 

•ta • 

B 1 



B] ^ [?] ; 


(74) 

[- 0 li 

• d~2 s m ->• [ 1 2 ] ‘ d~2 s m , 



•ia 

B] 

^ [§] , 


B] -»> g] ; 


(75) 

[- 0 li 

' J~2 s m ^ [—23] ‘ d~2 a m 


[a 

■[a> 

B] 



B] ^ [§] ; 


(76) 

[1 1 

11 2 

] ' T~2 s m [ 2 1 ] ' d~2 s m , 



•ta: 

B] 

-►B] , 


[§] -»> [?] ; 


(77) 

[1 1 

11 2 

] ’ d~2 a m ~+ [—13] ' J~2 s m 



■ta ■ 

B] 

-►B] , 


[|] H- S] ; 


(78) 

[1 1 

11 2 

] ' d~2 s m ~> [- 23 ] ' ^2 s m 



•ta 


^[}] , 


[§] ^ [§] ; 


(79) 

r-1 2 

L —2 3 

' T~2 s m ->• [ 2 1 ] ‘ J~2 s m , 


[a^i: 

■[a > 

[I] 

->B] , 


[}] ^ [?] ; 


(80) 

r-1 2 

L —2 3 

’ J~2 s m ~> [-13] ' J~2 s m 


m ^ [?=i: 

•ta 

[§] 

-►B] , 


[}] ^ B] ; 


(81) 

r-1 2 

L —2 3 

' T~2 s m ->• [ 1 2 ] ' d~2 a m , 


[a^u-v 

■ia > 

[§] 

^ [§] > 


[{] ^ B 1 • 


(82) 

(ii) (b) The following maps of subsequences of the 
themselves are order-reversing and bijective: 

sequence J r (M(2 s+2 m), 2 s+l m) 

onto 

M- 

d~ 2 a m [2?] ' d~ 2 s m 1 

r 

Ik 

]^[=is]-[a 

> [?] 

-►Bl , 

[1]^ 

B] 

, [^[?] 

5 

(83) 


J~ 2 s m [—13] ’ a m 1 

[:1 

]^[u°i]-[a 

> [3] 

-►B] , 

[§] ^ 

til 

, B]->a 

? 

(84) 

[!*]■ 

d~ 2 a m ->• [1 2] ’ d~ 2 a m , 

r 

ik 

]-[=HHa 

> a 

^ [3] , 

[§]-► 

[|] 

, @^B] 

? 

(85) 

[-23] • 

T~ 2 a m ~> [I2 3] ‘ J~ 2 s m 1 

K 

] — [i=f] ■ ta 

. g] 

^[}] ■ 

[|]^ 

[|] 

, [}] ^ [3] 


( 86 ) 

Proof, (i) 











( 59 ): 



[ —1 2 ] 

ta-> 

[}?]•[- 

-12] ■ [ 1 

?r 

2 -[a ; 



(60): 

Ill] ' P 2 ‘m —■> [-1 

5 ] 


[a ^ 


[}?]•[! 

?r 

2 -[a ; 



(61): 

[ll] ' T~ 2 B m ~> [-1 

5 ] 

’ J~ 2 s m 5 

ta -*• 


- [i ?] -2 

•ta 

) 



(62): 

[iS]-[- 0 ^]-^2. ro ^[iS 

2 

s m 5 

[a -► 

[i?] 2 -[ 


•[{Sr’-ia ; 



(63): 

[ 1 1 ] • [-12] ■ p 2 *m —► [ -1 

5 ] 

• [ 1 1 ] ‘ J~ 2 3 m , 

[a 


[!?]•[- 

?l 5 ] 

_1 ■ [11] _1 ■ 

[a 

? 

(64): 

[ 1 1 ] ' [-12] ' T~ 2 s m ->■ [ -1 

5 ] 

J~2 8 m ■) 

[a ^ 



1 

i?] _1 -[a; 



(65): 


2 

*F 2 s m 5 

kw 

[i?] 2 -[ 


0 

-1 

i] -1 -[a ; 



( 66 ): 




ik\ -»■ 

[}?]•[- 


sr 


[a 

1 

(67): 

[-12] • [ 1 1 ] ■ P2“m —>• [ -1 

5 ] 

J~2 s m 5 

[a- 

[-°ii] 2 





( 68 ): 

[-12] ’ T~2 s m —>[11 

2 

3~2 s mn 5 

KW 



•ta 

? 



( 69 ): 

[-12] ' T~ 2 s m ->[11 


[_°l£] 

kw 

[!?]•[. 


?ia 

■ 2 • [a ; 



(70): 

[ -^1 2 ] 2 ’ T~ 2 s m ^ [ —1 

5 ] 


[a -> 


[}?]•[- 

?i 5 ] 

■ 2 • [a • 







9 


(ii)(a): 


(71): 



[}?] 2 

• J~2 s m 

->• 

[i? 


' 3~2 s m 5 

[a 

!->■ 

[(J 


■[ 

Vi] 

-[isr 2 - [a ; 


(72): 



l\°i} 2 

* 2 s m 

->• 

[-°i 


‘ J~2 s m 1 

[a 


[A 


■[ 

Vi] 

•[isr 2 -[a; 


(73): 



[i ?] 2 

‘ 2 s m 

->• 

[-°i 

1 1 2 TT 

2 J ' J2 s m 5 

[a 


[-“I 

VMV 

1 ' 

■[IS 

■ 2 • [a; 


(74) : 

[i 0 
Li 1 

]• 

[-°i5] 

’ J~2 s m 

->• 

[\°i 

f • 

5 

[a 


[i? 

] 2 -[Vi] 

• 

[-°V] 

“'-[iSP 1 - K] ; 


(75): 

ri 0 
Li 1 

]• 


* 2 s m 

->• 

[-°i 

iHi? 

’ 2 s m 1 

[a 


[-“I 

iHi?] 

■[ 

Vi] 

V-^rMisr 1 

[a 

(76): 

[}? 

]• 


‘ J~2 s m 

->■ 

[-°i 

2 ] ’ 2 s m 5 

[a 

!->■ 

[-“I 


1" 

•[-°1 

vMisrMS 


(77): 

[-°i 

h] 

■[*?] 

' J~2 s vm 

->• 

[1? 

] 2 ■ 

5 

[a 


[\ 0 1 

iMVi] 

• 

[i?r 

MvrMa; 


(78): 

[-°i 

l] 

•[!?] 

' J~2 s m 

-> 

[1? 


' J~2 s m 1 

[a 


[1? 

H-°V] 

•[ 

Vi] 


ta 

(79): 

[-°i 

h] 

■[!?] 

‘ 2 s m 

—» 

[-°i 

2 ] ’ 2 s m 5 

[a 

!->■ 

[-“I 

VMV 

1" 

•[[? 

"M-^rMa 


(80) : 



0 n 2 
—12 j 

•F2 s m 

->■ 

[{? 

2 ■ -72 s m 

5 

[a 

I-)- 

[i? 

2 -[Vi] 

• 

[-°V] 

- 2 • [a ; 


(81) : 



0 n 2 
-12 j 

* J~2 s m 

->• 

[1? 


’ J~2 s m j 

[a 

t-4 

[IS 

M-°V] 

■[ 

Vi] 

■[-°i5]" 2 -[a ; 


(82): 



-°V] 2 

' 2 s m 

- 4 - 

[-°i 


2 s m 1 

[a 

!->■ 

[-“I 

*]■[*?] 

■[ 

Vi] 

•[-°ijr 2 -[a • 



(ii)(b): 


(83): 

[]?] 2 '^ m 

->• 

[IS 

2 • j 

[a 


ll°i 

i 2 -[-oM]-ti?]" 2 - [a 

5 

(84): 

[}?]-[-°i \]-Evm 

->■ 

[1? 

]-[-°V] -ft-m. 

ta 

-»• 


' [ -1 2 ] [ O 1 1 ] ■ [ -1 2 

] _1 -I1S] 

(85) : 

[-°12] ■[]?]• T Vm 

->■ 

[-°i 

h] ■[]?]■ E2s m , 

[a 


[-°i 

aHiSH-oMHi?] 

— 1 r 0 1 
■ L.-i 2 

(86): 

[M] 2 -E 2 s m 

->• 

[-°i 

11 ^ 77 

2 J * J2 s m i 

[a 


[-°i 


[a • 


□ 

Example 7. Suppose m 1, s 1, and consider the sequences 


J~2 3 + 2 m 

= (S 

< 1 < I < I < 

^ 8 ^ 7 ^ 6 ^ 

1 

5 

< 

1 

4 

A 

-31 to 

A 

1 

3 

V 

colon 

V 

2 

5 

< 

3 

7 

< 

1 

2 

< 

4 

7 

< 

3 

5 

< 5 < 
^ 8 ^ 

2 

3 

<f< 

3 

4 

< 

4 

5 

< 5 < 6 < 7 < 
^ 6 ^ 7 ^ 8 ^ 

i) 

T(B(2 a+2 m),2 a+1 m) 

= (f 

< < < < 

1 

5 

< 

1 

4 

< < 

1 

3 

< < 

2 

5 

< 

3 

7 

< 

1 

2 

< 

4 

7 

< 

3 

5 

< < 

2 

3 

< < 

3 

4 

< 

4 

5 

< < < < 

k) 

s + 1 m 

= (f 

< < < < 


< 

1 

4 

< < 

1 

3 

< < 


< 


< 

1 

2 

< 


< 


< < 

2 

3 

< < 

3 

4 

< 


< < < < 

i) 

J r («(2 a+1 m),2 3 m) 

= (f 

< < < < 


< 


< < 

1 

3 

< < 


< 


< 

1 

2 

< 


< 


< < 

2 

3 

< < 


< 


< < < < 

k) 

J~2 S m 


























= J r (B(2 s m), 2 s—1 m) 

= (f 

< < < < 


< 


< < 


< < 


< 


< 

1 

2 

< 


< 


< < 


< < 


< 


< < < < 

i) 

•^2 s-im 

= (? 

< < < < 


< 


< < 


< < 


< 


< 


< 


< 


< < 


< < 


< 


< < < < 



It follows from Eq. (59) that the map 

^ i i; i ■ K-m = [ i ?]■([?], , m) = ([?], a, a) 

[ — 1 3 ][-°1 3] •([?]. Ill) = ([3] . [5]. 0 ]) <= , [J] « [:?'] . [J] 

is order-preserving and bijective. Eqs. (71) and (84) imply that the maps 

(la, in, m) ->■ (0. ®, ia) c , m [=ii] ■ ra, 


s + 2 m —^ 
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and 


3 (ia. in. a) -+ (a, ®, a), 


ea^iuHa. m m. 


involutory 


are order-reversing and bijective. 

4. Farey (Sub)sequences and Monotone Maps 

The following statement, that uses the approach sketched in Remark 4(i), is based on the 
properties of maps (22) and (23) recalled in Section 3. 

Lemma 8. Let m and n be positive integers, n > 2m. Suppose s := [log 2 (n/m )\. 

For any ordered collection 

, (87) 

of length s, whose entries are elements [} 5] or [-i 2 ] °f SL(2,Z), the map 

m ^ n 5 

< 4 , ifM, = { iS], (88) 


1 ? 


ff M 


i =1 


.h] ) — 2 

LfcJ '>1 ifM s = [\\], 


is order-preserving and injective. 


Since the matrix product from Eq. (88) is an element of SL(2, Z), the image of any Farey 
sequence retains the two generic properties of such sequences: 


Remark 9. If jf < < t 2 -^ are three consecutive fractions in the subse- 


hi — hj -\-1 hj 

hj+i kj +2 

quence M s -i+i • T m of the Farey sequence T n , considered in Lemma 8, then kjhj + i 
—hjk j+ i = 1, and ^ ~ -- 


fcj+l gcd(hj+hj + 2 ,kj+kj +2 ) / gcd(hj+/i :l '_)_2,fcj+fcj-(_2) ’ 


We conclude this section with a straightforward extension of Proposition 6, see 
also Example 7. 

Theorem 10. Let m and n be positive integers, n > 2m. Suppose s := \\og 2 {;n/m)\. Given 
two ordered collections of matrices 


(N U ...,N.) 6 {[}?],[_», 4 ]}” , 


(89) 


N:=P[JV 


s— z+1 


i=l 


i =1 


suppose 


(90) 
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The map 

T n D M ■ F m —>• N • F m c T n , 

[fc] 1 ^ N - M _1 • [£] , ( j 

between subsequences M • F m and N • F m of the Farey sequence F n , is order-preserving and 
bijective. 

The map 

.Fn D M • F m —>• N • F rn C F n , 

is order-reversing and bijective; in particular, the map 

J'n D M • J m ->• M • F m , 

'-V-' 

involutory 

with the fixed point M • [3,] in the case of m > 1, is order-reversing and bijective. 


(92) 


(93) 


5. Appendix: Miscellany 

5.1. Farey (Sub)sequences: List of Notation 


Sequence 

Definition / Description 

T„. 

{j}u(| G Q : l < h < k <n, gcd (k, h) = l)u{y} 

F™, m > 1 

(| G F n : h < m) 

Q™, m < n — 1 

Ft 

VI 

e 

l 

-Sfi 

+ 

W 

J r (B(n), m) 

Fff n g™ = (| G F n : m + k — n<h< m) 

J r (B(2 m), m) 

(| G J2m : k - m < h <m ) 

F-^ (B(n), m) 

(l €^(B(n),m): | < i) 

IV 

Ms-' 

13 

31 

(|G7-(B(n),m): | > ±) 

F(M(n),mY , 1 < £ < m 

(| G J 7 (B(n),m) : h < £) = F(B>(n -m + £),£) 

F(M(2m),m) e 

F(M(m + £),£) 

Q(M(n),m,y, m < £ < n — 1 

(| G J r (B(n), m) : £ + k — n<hf = F(M(n + m — £),m) 

G(M(2m),m) e 

J 7 (B(3m — £),m) 
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5.2. The Cardinalities of Subsequences 

Let us calculate the number of fractions in several subsequences of the Farey sequences; p,(-) 
denotes the number-theoretic Mobius function. 

We have 

m / m \ 

ra - y(B(«),m)i = f +^m m (lai - utl ) - 2 +£ am LfJ M) 

d =1 ' d= 1 ' 




(94) 


_1 | \ ' -j / J \ m ( n ]_| m I n—m. I 

2 “T" Idi V LrfJ 2 LdJ L d \) ’ 


d=l 


and 


n—m / n—m \ 

\Sn\ - y (B(n). m) I = i + £ AM L^J (111 - il*T\) - 2 + £ A(d) LfJ L^J) 

d=l ' d=l ' 


I0JPI 


l + EpML^JdSJ-U^J-hJ) ; 


d=l 


(95) 


in particular, 


MZI - |jF(B(2m),m)| = |g™ | - |J+ (B(2m), m) \ 

m 

= -i + t,m Lfl (f?J - § Lfl) 


(96) 


d= 1 


As a consequence, 

|^n| - |.F(B(n),m)| = (|.F™| - |^(B(n), m) |) + (|£™| - |^(B(n),m 

=-4 + 1]am LaJ (LfJ + L^fd) , 


(97) 


d> 1 


and 


|^2m| - |^(B(2m),m)| = 2 (\J^\ - |^(B(2m), m) |) 

m 

= -4 + 2j>(<i)L i xlLfJ . 


d=l 


(98) 
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Quantity 

Formula 

\J~n | 

1 + 1 £2=i m U 

i 2 

zl 

c s 

II 

i 

I + E^aMLtKLJI-U 1 

- ) 

ii) 

1 pm 1 _ 1 nm 1 

W2m\ ~ \^2m\ 

i+zzim&nm 

1 

2 

m \ 

di) 

|J r (B(n),m)| 

2 + £ rf >! m m [^ 

i—m 
d . 


|J r (B(2m), m)\ 

2 + £™=i £(<*) H 

2 

1^*1- ^(B(n),m)| 

4 + E£iPM[?J(I3J-3 

m 

-d. 

n—m \ 

L d i) 

|^|-|^(B(n),m)| 

1 | y^m r. P„A n —m In 1 n— 

2 "T 2-,d=l MW L d J 1 Lrf J 2 L d 

m m \ 

J LdJ ) 

1^1 - |^(B(2m),m)| = &| - |^(B(2m),m)| 

4 + ESEPM ill (S 

3 

2 

m \ 
d\) 

\T n \ - |j 7 (B(n),m) | 

-4 + E d >! ?(<*) HI (LfJ 

+ L'\ 

-m \ 

i i) 

\J~2m | - |J r (B(2m),m) 

-4 + 2£^ =1 /2(d)^ 

m 

_ Ld_ 



The recursive expression for the number of fractions in the Farey sequence—the basis 
of similar recursive expressions for the other quantities, which is the inverse of the for¬ 
mula n\ = | + | £ ( " =1 U{d) m j * S as f°ll° ws: 

1 n 

\F n \ = ~{n + 3 )n - ^ \F\n/d\\ , (99) 

d =2 

see [14, A005728], 


5.3. Matrix Products 

Let us survey several subproducts of the matrix products mentioned in Remark 4, Lemma 8, 
Theorem 10, and in the proof of Proposition 6. 

If j G Z then 


ri oil _ [i oi r o ip _ [i-l 1 1 . ri oi - 1 _ r i oi r o ii-i _ \2 -ii 

L1 1J — L1 1 J ’ 1-1 2 J — L -1 1+1 J > 1 1 1J — 1 -1 1J > 1 -1 2 J — [ 1 o 1 


o i i—i r 2 —i ■ 

. —1 2 J — L 1 o 


( 100 ) 


If i G Z then 


[}?r- 

[-W = 

r 1_ i i l 

L i-j-ij 1+1+uJ ’ 

[ o ip . ri oil _ T i—*+*l * 1 . 

L — 1 2 J [ 1 1 J |_ -i-\-j+ij 1+z J ’ 

(101) 

[i?r- 

[~o\] = 

[4 ill . 

i-°i • Co 1 ;i = (- 1 4 n. 

(102) 

~0 l] • 

[1 ?]'■■ = 

IT 3 !] . 

[-0 i :M- 0 iP=[:[i4] , 

(103) 


we also have 
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and 


[ 1 ?M 

"o 1 1 ] ' 

u 0 i^' = 

[ —i—j 1 +i+j ] ’ 

(104) 

0 11* 

—12 J ‘ 

[~o\} • 

[!?]’'■ = 

r -i+i+j 11 

L i+j 1 J ’ 

(105) 

[l?f' 

• [-0 1 i] 

•[ 1 ?F = 

r -1 +3 1 1 

L —i+j+ij 1 +i J ’ 

(106) 

0 ib 1 
— 12 J • 1 



Y-l+i-ij 1 +ij I 

L i-j-ij 1 +J+ijJ ’ 

(107) 


5.4. Order—reversing and bijective mapping | i—>• 

In the context of Farey sequences, the mapping [£] [ ~q \ ] ■ [£] determined by the involutory 

matrix [ ~q \ ] is ubiquitous: 


Order-reversing and bijective mapping ^ 


T 

J n 


T 

J n 


Trm 

' r n 

->■ 

nn—m 

=^n 


gm 


jrn—m 
** n 


Trm 

* r 2m 

-)■ 

G m 

y 2 m 


G m 

= 2m 


77m 
%r ‘2m 

[JWbo 1 !]•[»] 

P(B(n), m) 

—>■ 

P(B(n), n — m) 


J r (B(2 m),m) 

-)■ 

J r (B(2m),m) 


T{M{n),m) e 

—>■ 

P(B(n),n-£) n ~ m 


Q(M (n),m) e 

->■ 

g(B(n),n-£)"- m 


J r (M(2m),mY 


P(B(2m),2m-£) m 



->■ 

g(B(2m),2m-£) m 


Let us assign to an ordered collection of matrices (M i,..., M t ) e {[i ?], [-1 2 ]}* th e 
collection (Pi,..., P t ) such that 


[ — i 2 ] , if M i = [i?], 
;}?], if Mi = [_°! 2 ] , 


1 < i <t. For any order m, the map 


n m «-+i Pm , 


2—1 


i— 1 


\h] \ -1 1] \h] 

LfcJ 1 ^ L 0 lJ LfeJ > 


(108) 


(109) 


is order-reversing and bijective. 
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